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This work concerns a study of the quantum mechanical extension of the work of Horwitz et al. [1] on the
stability of classical Hamiltonian systems by geometrical methods. Simulations are carried out for several
important examples; these show that the quantum mechanical extension of the classical method, for which
trajectories are plotted as expectation values of the corresponding quantum operators, appears to work well,
providing results consistent with the corresponding classical problems. The results appear to provide a new
contribution to the subject of quantum chaos.
I. INTRODUCTION
A classical Hamiltonian of the standard form
H = δij
pipj
2m
+V(y) (1)
can be cast into the Riemannian form [1]
HG =
1
2m
gij(x)pipj (2)
by choosing
gij(x) = Φ(x)δij (3)
with, for H and HG on the same energy shell E, the
constraint
Φ(x)(E−V(y)) = E (4)
It follows from the classical Hamilton equations
that [2][3] the motion generated by the Riemannian
Hamiltonian (2) satisfies the geodesic relation
x¨l = −Γmnl x˙m x˙n (5)
where the connection form is given by (here gij is
the inverse of gij)
Γmnl =
1
2
glk{∂g
km
∂xn
+
∂gkn
∂xm
− ∂g
nm
∂xk
} (6)
Let us now define the variable yj for which
y˙j ≡ gji(x)x˙i = p
j
m
(7)
The last equality follows from the Hamilton equa-
tions based on the Riemannian Hamiltonian (2), and
the geodesic equation (5) implies that the variables
{y} then satisfy the equation
y¨l = −Mlmny˙my˙n (8)
where
Mlmn ≡
1
2
glk
∂gnm
∂yk
(9)
corresponds to an affine connection governing the
motion in the {y} description. Application of the
constraint (4) to the definition (9) results in precisely
the Hamilton equations derived from (1). Therefore,
the evolution (8) corresponds to a geometric embed-
ding of the usual Hamiltonian motion described by
(1). With (7) a functional correspondence can be
established between the variables xi and yj [4].
An equivalence principle becomes accessible for the
Hamiltonian (1) through the mapping defined by (3)
and (4), since the connection form (5) is compatible
with the metric (3). Moreover, it is shown in [1]
that the "geodesic deviation" computed from (8) re-
sults in a Jacobi equation for which the eigenvalues
associated with the resulting curvature tensor, con-
structed from the M connection (9), have remarkable
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diagnostic value in identifying stability properties
for the system described by (1).
In this work we study the quantum theory associated
with a general operator valued Hermitian Rieman-
nian Hamiltonian
HˆG =
1
2m
pigij(x)pj (10)
We shall show here that the variables corresponding
to {x} in the Heisenberg picture, satisfy dynamical
equations closely related to those to the classical
system, and therefore that when the Ehrenfest corre-
spondence is valid, the expectation values of these
variables would describe a corresponding flow.
We then construct the quantum counterpart of the
relations (7), (8), (9) and show that these results are
related to the quantum dynamics associated with a
Hamilton operator of the form (1).
First we study the basic operator properties of coor-
dinate and momentum observables associated with a
Hamiltonian operator of type (10) (with gij = gji in-
vertible). Thus the canonical momentum is defined,
both classically and quantum mechanically, as the
generator of translation on a Euclidean space, and
thus has a Schrodinger (coordinate) representation
as a simple derivative.
II. HEISENBERG ALGEBRA ON THE
GEOMETRIC HAMILTONIAN
The coordinates {xi} form a commuting set, as do
the {pj}. The Heisenberg equations for the coordi-
nates (h¯ = 1);
x˙k = i[HˆG, xk] (11)
with the canonical commutation relations
[xi, pj] = iδ
j
i (12)
result in
x˙k =
1
2m
{pi, gik} (13)
The corresponding classical result leads directly, by
inverting gik, to an expression for pi in terms of
x˙k. We can nevertheless invert equation (13). The
anticommutator of x˙k with gkl becomes
x˙kgkl + gkl x˙k =
1
2m
[(pigik + gikpi)gkl + gkl(pigik + gikpi)]
=
1
2m
[piδil + gikpigkl + gklpigik + δilpi]
=
1
2m
[2pl + pigikgkl + [gik, pi]gkl + gklgikpi + gkl [pi, gik]
=
1
2m
4pl =
2
m
pl
(14)
so that
pl =
m
2
{x˙k, gkl} (15)
The cancellation in (14) that leads to this result fol-
lows from the fact that [gik, pi] depends only on x
and commutes with gkl . This result implies that the
Hamiltonian does not correspond to a simple bilinear
form in x˙i, but a bilinear in anticommutators of the
type (15). As we shall see, this correspondence car-
ries over to the analog of the geodesic type formula
for x¨l . The classical form of eq. (15) (as in the classi-
cal theory) does not correspond to the usual relation
between momentum and velocity; moreover, by Eq.
(14) the separate components of x˙k do not commute
with each other, or, with {xi}. For example, it is
straightforward to show that
[x˙k, xl ] = − im glk (16)
and
[x˙k, x˙l ] =
i
2m2
{pi, (glm ∂gik∂xm − gkm
∂gil
∂xm
)} (17)
Thus, the velocities do not commute. Let us define,
in analogy to the classical case, a new set of op-
erators (analogous to what were called {y} in our
discussion above of the classical case; here we use
the same notation)
y˙l ≡ 1
2
{x˙k, gkl} (18)
so that, by (15),
pl = my˙l (19)
The {y˙l} form a commutative set. Furthermore, it
follows from (16) that
[y˙l , xm] = 12 [{x˙k, gkl}, xm] = gkl [x˙k, xm] = − im δlm
(20)
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so that (consistently)
[pl , xm] = −iδlm (21)
We now turn to the second order equations for the
dynamical variables. Since from (19)
y¨l = − i
m
[pl , HˆG] =
− i
2m2
pi[pl , gij(x)]pj = − 12m2 p
i ∂gij
∂xl
pj
(22)
Using (19) again, we arrive at the simple result
y¨l = −1
2
y˙i
∂gij
∂xl
y˙j (23)
closely related to the form obtained in the classical
case [1] for the "geodesic" equation with reduced
connection. In the classical case, this formula was
used to compute geodesic deviation for the geomet-
rical embedding of Hamiltonian motion (for Hamil-
tonian of the form p
2
2m + V(y)) [1], as discussed
above, for which the corresponding metric was of
the conformal form given in Eq. (3).
It follows from the Heisenberg equations applied
directly to (18) that
y¨i = i[HˆG, y˙i] =
i
2
[HˆG, x˙kgki + gki x˙k] =
1
2
x¨kgki +
i
2
x˙k[HˆG, gki] +
i
2
[HˆG, gki]x˙k +
1
2
gki x¨k
(24)
Computing the commutator [HˆG, gki] in relation
(24),
[HˆG, gki] =
1
2m
[pmgmnpn, gki]
=
1
2m
{[pm, gki]gmnpn + pmgmn[pn, gki]}
=
1
2m
{−i ∂g
ki
∂xm
gmnpn + pmgmn(−i ∂g
ki
∂xn
)}
[HˆG, gki] = − i2m{
∂gki
∂xm
gmn, pn}
(25)
and therefore
y¨i =
1
2
{x¨k, gki}+ i2{x˙k, [HˆG, g
ki]}
=
1
2
{x¨k, gki}+ 14m{x˙k, {
∂gki
∂xm
gmn, pn}}
(26)
Furthermore, with relation (15), pn = m2 {x˙k, gkn},
relation (26) results in
y¨i =
1
2
{x¨k, gki}+ 18{x˙k, {
∂gki
∂xm
gmn, {x˙a, gan}}}
(27)
The relation between y¨i and x¨i therefore contains
nonlinear velocity dependent inhomogeneous terms.
It appears, however, that there should be a strong
relation between instability, sensitive to acceleration,
in x and y variables.
To find the second order equation for the operators
xl , we proceed directly from (10), using (19), to
write the Hamiltonian as
HˆG =
m
2
y˙igij(x)y˙j (28)
We may now compute
x¨l = i[HˆG, x˙l ] (29)
and use (17) and (18) to obtain the quantum mechan-
ical form of the "geodesic" equation generated by
the Hamiltonian HˆG:
x¨l =
1
16
({{gnm, x˙m}, ∂gln
∂xi
}, gij{gjp, x˙p}
−2{gip, x˙p}gln
∂gij
∂xn
{gjq, x˙q})
(30)
In the classical limit, where all anticommutators
become just (twice) simple products, a short compu-
tation yields
x¨l = −Γpql x˙p x˙q (31)
with
Γpql =
1
2
gln(
∂gnq
∂xp
+
∂gnp
∂xq
− ∂g
pq
∂xn
) (32)
i.e., the classical geodesic formula generated by a
classical Hamiltonian of the form (2) [1]. Therefore,
(30) is a proper quantum generalization of the classi-
cal geodesic formula.
We finally express the quantum "geodesic" formula
(30) explicitly in terms of the canonical momenta
using (18) and (19). We use the canonical commuta-
tion relations to write the result in terms of a bilinear
in momentum ordered to bring momenta to the left
and right. In this form we may describe the quantum
3
state in terms of the variables {xl} canonically con-
jugate to the {pj} in the sense of (20-22), for which
pj → −i ∂
∂xj
(33)
on ψ(x).
We then find that expression (30) for the quantum
mechanical form of the "geodesic" equation x¨l could
be written as
x¨l =
1
2m2
pi(
∂gli
∂xn
gnj +
∂gl j
∂xn
gni −
∂gij
∂xn
gln)pj
+
1
4m2
∂
∂xj
(
∂2gln
∂xi∂xn
gij)
(34)
The first term is closely related to the classical con-
nection form; the second term, an essentially quan-
tum effect.
III. LOCAL RELATION BETWEEN THE
TWO COORDINATE BASES
We shall need some algebraic relations. Using def-
inition (19) and relations (13) and (18), it follows
that
[y˙i, x˙l ] = 12m [y˙
i, {pn, gnl}]
=
1
2m
pn[y˙i, gnl ] +
1
2m
[y˙i, gnl ]pn
= − i
2m2
pn
∂gnl
∂xi
− i
2m2
∂gnl
∂xi
pn
= − i
2m
{y˙n, ∂gnl
∂xi
}
(35)
so that
[y˙i, x˙l ] = − i2m{y˙
n,
∂gnl
∂xi
} (36)
Furthermore
[gij, x˙l ] = 12m [gij, {pn, gnl}]
=
1
2m
[gij, pn]gnl +
1
2m
gnl [gij, pn]
=
i
m
gnl
∂gij
∂xn
(37)
so that
[gij, x˙l ] =
i
m
gnl
∂gij
∂xn
(38)
We also have that
[gij, y˙l ] = 12 [gij, {x˙k, gkl}]
[gij, y˙l ] =
1
2
[gij, x˙k]gkl +
1
2
gkl [gij, x˙k]
(39)
so that
[gij, y˙l ] = gkl [gij, x˙k] (40)
Furthermore, the left term of relation (40) results in
[gij, y˙l ] = [gij, i[HˆG, yl ]]
[gij, y˙l ] =
i
2m
[gij, [pmgmnpn, yl ]]
[gij, y˙l ] =
i
2m
[pm, yl ]gmn[gij, pn] +
i
2m
[gij, pm]gmn[pn, yl ]
(41)
We assume that the operator pj, on the Hilbert space
representation χ(y) ∈ Hy, constructed in accor-
dance with the (Hermitian) operator form of (1), is
represented by
pj → −i ∂
∂yj
(42)
This assumption is analogous to the "dynamical
equivalence" assumption of ref [1], for which the
classical momenta in the two descriptions are taken
to be identical for all time. The quantum mechanical
momenta then generate translations in ψ(x) ∈ Hx
and χ(y).
Therefore, applying relation (42) along with (33) to
(41) results in (as a formal definition)
[gij, y˙l ] = im gln
∂gij
∂xn
≡ im
∂gij
∂yl
(43)
We may apply relation (42) to the right side of rela-
tion (40)
gkl [gij, x˙k] =
1
2m
gkl [gij, pn]gnk +
1
2m
gklgnk[gij, pn]
=
i
m
∂gij
∂yl
(44)
which is consistent with relation (43). As a result
of relation (43) we may think formally of a transfor-
mation between the two coordinate bases, {xi} and
{yj}, defined locally by
∂gij
∂yl
≡ gln
∂gij
∂xn
(45)
4
It should be emphasized that, in the classical case,
Horwitz et al. [1] identified an effective embedding
of the Hamiltonian dynamics into a non-Euclidean
manifold, equipped with a connection form and a
metric. Derivatives of functions on {yi} could then
be related to derivatives of functions of {xi} [4], but
the global relation between these manifolds is not
determined. As a result of the differential relations
found by [4], the relation
∂gij
∂xm
= gmn
∂gij
∂yn
(46)
is, however, valid.
IV. RELATION TO POTENTIAL MODEL
HAMILTONIANS
As we have pointed out above, the acceleration satis-
fies the "geodesic" type equation (23). The truncated
connection form in this equation is similar in form
to that derived for the classical case and used in
a large number of applications [9] to generate, by
geodesic deviation, a criterion [1] for stability of a
Hamiltonian of the potential model form (1)
H = δij
pipj
2m
+V(y) (47)
where we have assigned the variable y to correspond
to the configuration space of the potential model.
For a Hamiltonian of form (1), we wish to make
a correspondence, as in the classical case, with a
geometric Hamiltonian of the form (10). Let us
suppose that gij(x) has the form (3) for this case as
well. Then,
HˆG =
1
2m
piΦ(x)pjδij (48)
In the semiclassical limit, we choose states in Hx
andHy that are localized in pi, and, for consistency
in the application of the Ehrenfest approximation [7],
fairly well localized in x and y as well (within the
uncertainty bonds). Then, for such a wave function
< HˆG >χpu
1
2m
p2Φ(x) (49)
and
< Hˆ >ψpu
1
2m
p2 +V(y) (50)
Assigning a common value E to < HˆG >χp and
< Hˆ >ψp , we see that the choice (as in (4))
Φ(x) =
E
E−V(y) (51)
is effective in this approximation as well. The rela-
tion between the functions on the left and right hand
sides established by (45) and ref.[4] is valid in this
contest as well. We now return to (23), which can
be written, with the help of (45), as
y¨l = −1
2
y˙igln
∂gij
∂yn
y˙j (52)
Using the relation (51), this becomes
y¨l = −1
2
y˙i
1
E−V(y)
∂V(y)
∂yl
y˙jδij (53)
so that (we do not distinguish upper and lower in-
dices of yl here)
y¨l = − 1
2m2
pi
1
E−V(y)
∂V(y)
∂yl
pjδij (54)
The expectation values of y¨l in the state χp is the
< y¨l >χpu − <
∂V(y)
∂yl
>χp (55)
recovering, in this semiclassical limit, the quantum
evolution of the particle in the Ehrenfest approxi-
mation. Thus, as pointed out above, a calculation
of "geodesic deviation" based on the quantum for-
mula (23) could provide a new criterion for quantum
chaos, consistent with the Bohigas conjecture [6]
due to the similar structure of the classical and quan-
tum criteria (see below).
V. STABILITY RELATIONS AS A
CRITERIA FOR UNSTABLE BEHAVIOR
Following the classical notion of inducing an in-
finitesimal translation of a trajectory around a given
initial point along the trajectory we refer to a corre-
sponding quantum mechanical notion of "geodesic
deviation" based on the quantum formula (23).
For "geodesic deviation" we then induce a transla-
tion as follows (where we define ξ as a common
number);
ψt(x)→ ψt(x+ ξ) (56)
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that is
ψt(x+ ξ) = e
ipl ξl
h¯ ψt(x) (57)
Computing δ(ψt, y¨lψt)(t), assuming now the phys-
ical system is supposed almost classical, results in
−1
2
< ψt|y˙i( ∂
∂xa
(
∂gij
∂xl
))y˙j|ψt > ξa de f= ξ¨ l(t)
(58)
where the left side of expression (58) is defined as
the second derivative with respect tothe common
number ξ l , the distance between the two trajectories
as a function of time, which is expected to coincide
in the Ehrenfest approximation [7] with Horwitz et
al. study [1]. Substituting relation (45) for a local
transformation between the two coordinate basis
{xi} and {yj} results in
−1
2
< ψt|y˙i(gam ∂
∂ym
(gln
∂gij
∂yn
))y˙j|ψt > ξa de f= ξ¨ l(t)
(59)
Thus one may write expression (59) as the sum of
two terms
−1
2
< ψt|y˙i(gam ∂g
ln
∂ym
∂gij
∂yn
)y˙j|ψt > ξa
−1
2
< ψt|y˙i(gamgln
∂2gij
∂ym∂yn
)y˙j|ψt > ξa de f= ξ¨ l(t)
(60)
We then define
ˆ¨ξal
de f
= −1
2
y˙igam(
∂gln
∂ym
∂gij
∂yn
+ gln
∂2gij
∂ym∂yn
)y˙j
(61)
which we call the operator geodesic deviation.
The expectation values associated with this operator
correspond in the Ehrenfest approximation [7] to a
measure of deviation between the expectation values
of two neighboring evolutions of yl which in the
classical analogy are characteristic of the geodesic
deviation between two near by trajectories in space.
In the Ehrenfest approximation they are expected
to determine the dynamic flow of the position vari-
able’s expectation values. Based on the sensitivity
to the local instability criterion it is expected that in
Ehrenfest approximation one can characterize the
"local" stability properties of the dynamic flow of the
coordinate expectation variables. We use these ma-
trix coefficients’s eigenvalues to determine "local"
instability. If one of them is negative, it is sufficient
to imply "local" instability. One can map out the
regions of instability over the physically admissible
region using these formulas. We shall also follow
the orbits to see their behavior, as exhibited by the
expectation values. We have found, so far, a re-
markable correlation between the simulated orbits
and the predictions of "local" instability in this way.
Note that these curves of the expectation values of
yi do not necessarily correspond to classical particle
trajectories in the sense of Ehrenfest. As pointed
out above, the Ehrenfest theorem fails after some
time [8] . We see, however, that the expectation val-
ues contain important diagnostic behavior [10], and
could well be incorporated into a new definition of
"quantum chaos", corresponding to deviation under
small perturbation (change of initial conditions). Al-
though the Ehrenfest correspondence fails rapidly in
case of chaotic behavior, from the behavior of the
solutions it appears that this criterion may neverthe-
less provide a good definition for quantum chaotic
behavior. The correspondence between the classi-
cal and quantum definitions provides, furthermore,
support for the Bohigas conjecture [6], i.e., that a
classical Hamiltonian generating chaotic dynamics
goes over to a quantum theory exhibiting character-
istics of chaotic quantum behavior. Our simulations
indicate that this will be true, for the examples we
consider below.
We will show below through simulation by numeri-
cal analysis that this formula works well beyond the
Ehrenfest approximation.
VI. QUANTUM DYNAMICS STABILITY
PROPERTIES VS. CLASSICAL DYNAMICS
STABILITY PROPERTIES
In this section we wish to define a manifold
which we suggest as corresponding to the classi-
cal Gutzwiller manifold presented by [1]. We then
work through an analytical analysis to investigate
the stability properties of the trajectories covering
this manifold and we derive local stability criteri-
ons which we assume to be related to the stability
behaviors of the corresponding quantum mechani-
cal dynamics. We will show some computational
examples in which applying these stability criteria
predicts correctly the stability properties of the quan-
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tum dynamics. This might suggest that the trajec-
tories have the same stability properties as in the
underlying quantum case and through the local crite-
rion it seems that one may predict chaotic quantum
mechanical behavior as well.
To understand the geometric contest of our formality
let us define a manifold as follows [9]:
• Let H be a Hilbert space corresponding to a
given quantum mechanical system and let HG
be the self-adjoint Geometric Hamiltonian gen-
erating the evolution of the system.
• Let ϕ(t) = U(t)ϕ = e−iHGtϕ be the state of
the system at time t corresponding to an initial
localized state ϕ(0) = ϕ ∈ H such that (as
long as) ϕ(t) is localized too, i.e. the width
of a well-localized state is extremely narrow
compared to the characteristic variation in the
matrix function gij(x) which is the relevant
system dimension.
• Define the trajectory Φϕ corresponding to an
initial localized state ϕ ∈ H to be
Φϕ := {U(t)ϕ}t∈R+ = {ϕ(t)}t∈R+
i.e.,Φϕ is the set of localized states reached in
the course of the evolution of the system from
an initial localized state ϕ.
• Next, let us denote by
M(Φϕ) = {(ϕ, Mϕ)|ϕ ∈ Φϕ}
the collection of all expectation values of M for
localized states in Φϕ (up to a multiplicative
normalization constant).
• Next, let us denote by
{M(Φϕ)}Φϕ∈H = {M(Φϕ)|Φϕ ∈ H}
the collection of all expectation values of
M for all possible trajectories Φϕ in H,
i.e. {M(Φϕ)}Φϕ∈H ⊆ Rn where Rn is
the n-dimensional Euclidean space. We call
{M(Φϕ)}Φϕ∈H the expectation values mani-
fold.
The classical limit of the corresponding collection
of all possible trajectories evolved in this way in the
course of a long period of time appear to be valid
beyond localization [10].
Consider the coordinate bases {xi} and {yj}. Given
relation (45), we may think of the transformation
matrix A = {aji} between the two sets of bases
vectors [11]
eˆi ≡ { ∂∂xi } → eˆ
j ≡ {aji
∂
∂xi
} ≡ {gji ∂∂xi } (62)
thus the set {eˆj} forms another set of basis vectors
associated with the coordinate basis defined previ-
ously {yj}. Then we have a new set of basis vectors
locally for each tangent space on the manifold. We
would like our new frame to be orthonormal at all
points. That is,
g(eˆi, eˆj) = g(ani eˆn, a
k
j eˆk) = a
n
i a
k
j gnk = δij (63)
This equation can be rearranged
ani gnk(a
j
k)
T = δij  AGAT = I (64)
We get the matrix (we choose A to be symmetric)
solution A = G− 12 . If the matrix component, gik(x),
is considered as a slowly varying function on the
coordinates basis in the position representation then
we can expand this solution in a power series around
G = I
A = G−
1
2 = I +
∞
∑
n=1
(−1)n1 · 3...(2n− 1)
n! · 2n G˜
n
where G˜
de f
= G− I
(65)
In terms of components the first few terms are;
aji = δij −
1
2
g˜ij +
3
8
N
∑
k=1
g˜ik g˜kj − ... (66)
Substituting the zero order of the matrix expansion
applied to gam in relation (60) where the localization
construction is required to be valid results in
ξ¨ l ≈ −1
2
y˙iδam(
∂gln
∂ym
∂gij
∂yn
+ gln
∂2gij
∂ym∂yn
)y˙jξa
= −1
2
y˙i(
∂gln
∂ya
∂gij
∂yn
+ gln
∂2gij
∂ya∂yn
)y˙jξa
(67)
This zero order expansion is precisely the form ob-
tained in the classical case for the second order
geodesic deviation equations (considering the sec-
ond term only of a zero order) (see eq. (22) in [1]).
It is implied that in the quantum case the orbit devia-
tion equations become oscillatory.
Thus one may conclude that in the classical limit the
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first order of the matrix expansion (66) applied to
gam in relation (60) may be considered as a quantum
mechanical effect
−1
2
y˙i g˜am(
∂gln
∂ym
∂gij
∂yn
+ gln
∂2gij
∂ym∂yn
)y˙jξa (68)
which could be viewed as the low order expansion
of expression (60) around the classical relation of a
"geodesic" deviation equation [1].
Then the low orders expansion of the quantum me-
chanical "geodesic deviation" in the classical limit
results in
ξ¨ l(t) ≈ −1
2
y˙i(
∂gln
∂ya
∂gij
∂yn
+ gln
∂2gij
∂ya∂yn
)y˙jξa
−1
2
y˙i g˜am(
∂gln
∂ym
∂gij
∂yn
+ gln
∂2gij
∂ym∂yn
)y˙jξa
(69)
In the classical limit one may refer to expression (69)
as a measure of deviation between the two dynamics
of yl’s expectation values which becomes the cor-
responding quantum second order "geodesic devia-
tion" equations. On this view, the quantum dynamics
may be identified as chaotic provided the flow of the
quantum expectation values approximately follow a
chaotic classical trajectory.
Moreover, one may claim that in the classical limit
expression (69) is expected to admit the emerging of
a corresponding quantum "local" criterion for stabil-
ity properties of the dynamical flow of the position
variable’s expectation values in correspondence with
the sensitivity to the local stability criterion for un-
stable behavior derived by [1] in the classical case.
Then one may write in the classical limit a cor-
responding quantum mechanical "local" criterion
which reflects the stability of the trajectories associ-
ated with the position expectation values (average
particle’s position). This view may be expressed as
ξ¨(t) = −(V)Pξ (70)
where
V lija
de f
=
1
2
(
∂gln
∂ya
∂gij
∂yn
+ gln
∂2gij
∂ya∂yn
)
+
1
2
g˜am(
∂gln
∂ym
∂gij
∂yn
+ gln
∂2gij
∂ym∂yn
)
(71)
and Pij = δij − <y˙i><y˙j>
<y˙>2 , defining a projection
into a direction orthogonal to the average velocity,
< y˙ >, i.e. the component orthogonal to the flow of
the position expectation values.
"Local" instability should occur if at least one of the
eigenvalues of the matrix V lija is negative.
We define for brevity
C lija
de f
=
1
2
(
∂gln
∂ya
∂gij
∂yn
+ gln
∂2gij
∂ya∂yn
)
Qijal de f= 12 g˜
am(
∂gln
∂ym
∂gij
∂yn
+ gln
∂2gij
∂ym∂yn
)
(72)
Since the matrix V embeds in its structure a sum of
two terms, i.e. expression (71), where the first one
as mentioned previously carries the precise structure
as the matrix involved in the classical case [1], while
the second term is a quantum effect, then it is implied
by equation (70) that the position expectation trajec-
tories may demonstrate "local" instabilities while the
classical corresponding trajectory defined by Hamil-
ton’s equations of motion is stable and conversely.
Those cases may be expressed by the follow-
ing inequalities for "local" instabilities. Given
{λ1,λ2,λ3, ...,λn} are the matrix eigenvalues of
C lija and {α1, α2, α3, ..., αn} are the matrix eigenval-
ues of Qlija, then
i f ∃(λl , αl) such that
0 ≤ αl < (−λl)
quantum instability is in correspondence with
classical instability
(73)
But
i f ∃(λl , αl) such that
0 ≤ λl < (−αl)
classical stability vs. quantum instability may emerge
(74)
while
i f ∃(λl , αl) such that
0 < (−λl) ≤ αl
quantum stability vs. classical instability may emerge
(75)
As Zaslavsky [8] has pointed out, however, the
Ehrenfest correspondence fails rapidly in case of
chaotic behavior. Nevertheless, Ballentine, Yang,
and Zibin [10] compared quantum expectation val-
ues and classical ensemble averages for the low-
order moments for initially localized states. This
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correspondence suggests that the statistical proper-
ties of Liouville mechanics continue to last even
after Ehrenfest’s approximation fails.The correspon-
dence with Liouville mechanics, given fixed system
size, was shown to be accurate for a longer time
period under conditions of classical chaos.
In the Ehrenfest approximation and beyond, i.e.
even after Ehrenfest correspondence fails in case
of chaotic behavior, the collection y(Φϕ) will sat-
isfy dynamical equations closely related to those
for which the classical ensemble averages describe
the possible configurations for a classical system in
phase space.
VII. SIMULATIONS
In this section we study the stability characters of the
quantum dynamics through numerical simulations.
We present here three approaches. One which uses a
direct time evolution of the wave packet simulated
by the Schroedinger time dependent equation. In
each time step, the position expectation values are
computed, directly, by the wave function (using a
narrow coherent state wave packet). Moreover, each
simulation is repeated by a small change in the initial
condition (small change in the initial average mo-
mentum of the wave packet) and the two trajectories
are computed. The following diagrams (fig.1 and
fig.2) show the orbits of the particles in the presence
of the regions of instability described above. One
sees that the instability of the orbits, demonstrated
by crossing trajectories and complexity, reflects the
divergence of nearby trajectories which can lead to
chaotic behavior.
In the second approach we are searching for "local"
instabilities as they are defined through the oper-
ator geodesic deviation, ˆ¨ξal (eq. (61)), i.e. the
expectation values associated with this operator are
characterizing in the Ehrenfest approximation a mea-
sure of deviation between two dynamic flows of y¨l’s
expectation values which in the classical analogy are
a characteristic of a geodesic deviation between two
nearby trajectories in space and "local" instability
will be defined by computing the matrix’s eigenval-
ues where if one of them is negative, it is sufficient
to determine "local" instability. In the following,
we display a set of graphs (fig.3) showing the unsta-
ble regions. It is expected that the trajectories, i.e.
< y >, of the particles will be deflected strongly
when they pass through these unstable regions, caus-
ing instability of the motion [9]. We use as initial
wave function the coherent state wave packet :
ψ(x, y, 0) =
1
pi
e−
1
2 (x−x0)2+ip0xxe−
1
2 (y−y0)2+ip0yy
(76)
where
< x >= x0 < px >= p0x
< y >= y0 < py >= p0y
(77)
We examine simulations of a set of five quantum
2D wells while increasing the energy hypersurface,
approaching the separatrix of the centered well. As
can be easily observed, the centered well becomes
an unstable dynamical region as the threshold energy
is approached. This phenomena takes place due to
the quantum effect terms which seem to "sense"
the unstable regions outside the accessible classical
region. The same behavior is observed also for the
rest of the wells. Moreover, one may think of the
quantum mechanical terms as acting as a "driving
force" (the system, as will be shown shortly, could
be thought of as a driven quantum 2D five well
anharmonic oscillator) which is quite significant
due to the energy interval range of influence as it
is manifested in the following simulations (fig.(3)).
It is suggested that the "fluctuating" term of the
"local curvature" of the energy hypersurface might
be quite significant near the separatrix of the
wells. This would turn the undriven system to
be effectivlly a driven dynamics with the same
stability properties and dynamic behavior. As Lin
and Ballentine pointed [12], the tunneling rate
of an electron through a semiconductor double
quantum well structure can be enhanced by means
of a dc bias or ac field (i.e. a driven anharmonic
oscillator). Our work implies that it is reasonable to
assume that also by approaching to the separatrix
of a well tunneling might be enhanced. This
phenomena we are presenting here has never been
previously observed. Further research is required
to confirm this idea. In the third approach we
continue to examine the instability inequalities
relations (eq.73-75). We follow the work of Feit
and Fleck [13] which simulated wave packet
dynamics and chaos in the Henon-Heiles system.
The evolution of wave packets under the influence
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of a Henon-Heiles potential was investigated in [13]
by direct numerical solution of the time-dependent
Schroedinger equation, i.e. coherent state Gaussians
with a variety of mean positions and momenta were
selected as initial wave functions. Four cases were
simulated by [13]; two of the wave packets can be
reasonably judged to exhibit regular or nonchaotic
behavior and the remaining two chaotic behavior.
All of the four cases exhibit corresponding classical
motions which are regular.
Following the instability inequalities relations we
are able to derive analytically (eqs.(73)-(75)) those
simulated results where the conformal structure
(eq.3-4) has been applied. Those analytic results
are summarized in table 1 below. We wish to
emphasize that case (d) reflects our definition
of "local" instability as an appropriate defini-
tion for a quantum mechanical analogy of the
classical notion of "local" instability since it corre-
sponds to the Feit and Fleck [13] findings for case
(d) where the behavior at early times appears regular.
Table 1: Instability Inequality Criterions
Case Instability Inequality Relations Behavior
case (a) 0 ≤ (−αl) ≤ λl regular
case (b) 0 ≤ (−αl) ≤ λl regular
case (c) 0 ≤ λl < (−αl) chaotic
case (d) 0 ≤ (−αl) ≤ λl regular
VIII. CONCLUSIONS
We have introduced a new generalized analytic ap-
proach and on this basis we have derived a new
diagnostic tool for identifying a quantum chaotic
behavior. This might serves as a new definition for
quantum Hamiltonian chaos. We have shown re-
sults of simulation of the quantum motion in two
dimensions, showing in certain cases that the tran-
sition from predominantly regular to predominantly
irregular trajectories (of expectation values) takes
place over a narrow energy range about some en-
ergy Ec. We have shown an independent stability
behavior of the quantum dynamics from the classi-
cal correspondence. We were able to predict local
stability properties depending on energy, but even
more surprising, on the initial conditions of the wave
packets and identifying zones of local stability and
instability (on the level of the space expectation val-
ues). Moreover, this last demonstrates a possible
KAM-like transition, which by itself could serve as
a new criterion and definition for quantum chaos
very much like in the classical case.
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(a) (b)
Figure 1: (a) Henon-Heilles quantum dynamical simulation corresponding to a low classical energy, in a range known to
be a non chaotic for classical dynamic. The two trajectories (blue and green) are closely together, reflecting no
divergence of nearby trajectories, which indicates, on the basis of our theory, a stable dynamics. (b) Zoomed
picture of fig.1 above, presenting parallel trajectories, no complexity and nearby trajectories, indicating
stability of the wave packet dynamics.
Figure 2: Henon-Heilles quantum dynamical simulation corresponding to a higher classical energy, in a range known
to be a chaotic classical dynamics. The two trajectories starting from the same initial position’s expectation
value, separate along the time evolution of the dynamics, presenting broken trajectories (the trajectories are
crossing themselves) and complexity indicating a chaotic dynamical behavior
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(a) (b)
Figure 3: (a) Five 2D well dynamical stability analysis for E=-36.6709. Stable dynamical regions are presented through
5 wells, separated by highly chaotic areas. Green lines indicating the classical hypersurface of classical energy
as was discussed previously. (b) Five 2D well dynamical stability analysis for the separatrix of the centered
well.
Figure 4: Five 2D well dynamical stability analysis for the separatrix of the off-centered wells.
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